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ANNOTATION
In this paper, two new types of functions are first proposed, and the related properties of these
two types of functions are explored.
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INTRODUCTION

In recent years, various special functions have been proposed and studied by many scholars;
see [1]-[6] and the references therein. These research results are not only theoretical results,
but also have the effect of solving engineering applications. This paper is aimed at two kinds of
special functions, and explores their two properties of iterative formula and indefinite integral

I
respectively. Throughout the paper, we define 7%= {0,1,2,3,---}, Pl = n ,and 0l=1

(n—m)!

PROBLEM FORMULATION AND MAIN RESULTS
Before presenting our main result, let us introduce the K-function.
Definition 1. The first type of K-function is defined by

K,(x,n):=x"cosx, with neZ*. (1)
Besides, the second type of K-function is defined by
K,(x,n):=x"sinx, with ne Z*. (2)

For the graphs of the above two functions, see Figure 1 and Figure 2, respectively.

The iterative formulas for the K-functions are proposed as follows.
Theorem 1. For any neZ", one has

{j K,(x,n+2)dx = x"Zsin x +(n + 2)x"* cos x — (n+ 2)(n +1)j K,(x,n)dx;

j K, (x,n+2)dx =—x"2 cos+ (n +2)x"*sin x— (n +2)(n +1)I K, (x,n)dx.

Proof. Using integration by parts, it can be readily obtained that, for any neZ"
{I K,(x,n+2)dx = x"2sin x — (n + 2).[ K, (x,n+1)dx;
I K, (x,n+2)dx =—x"? cosx + (n + 2)_[ K,(x,n+1)dx.

It follows that
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)[_ X" cosx+(n +1)J' K, (x, n)dx]
X" cosx—(n+2)n +1)j K,(x,n)dx;

.[K(xn+2)dx X" sin x — (

= x"Zsinx+(n+
(
(

)
J. K, (x,n+2)dx = —x""? cos+ (n + 2)[x”+1 sinx—(n +1)_[ K, (x, n)dx]
2)

This completes the proof.

Now we present another main result for the K-functions.
Theorem 2.

k k-1 _
(@) J (x,4k)dx = Z P x* 4 sin X+Z(P4‘,‘E1 M cos X — Pk x 2 sin x
i=0

i=l
— P x**2cos x)+C, vkeZ®,

k -
(i1) J. K, (x,4k +1)dx = Z(PA‘}"+1X4K‘4'+1 sin x + P, 5 x*# cos x)
i=0
k-

,_\

(Pﬁff A sin x + P2 cos x)+ C, VkeZ",

n
o

k .
(1i1) J Kl(x,4k + 2)dx = Z(P4z:k+2x4k74|+2 sin x + Pﬁﬁz 44041 ooy letgzx4k -4 gin X)

k-1
=Y PiEx**cosx+C, VkeZ,

i=0

k
(iv) J. (x,4k +3)dx = Z(P{i‘“"‘x“"““+3 sin x + P 3x 442 cos x
i=0

— P3x M sin x — P 3x ™ cos x)+C, VkeZ®,

k-1
) J. (x,4k )dx = Z(PA‘}L T sin x + P x M2 cosx — Py x 3 sin x)
i=0

—Z P*x** cosx+C, VkeZ*,
i=0
k . .
(vi) J. (x,4k +1)dx = Z(— P XM cos x + P tx ** sin x)
i-0
k-

+ (P;,‘Sl AT cos X — P2 in x)+ C, VkeZzZ",

,_\

T
o

( P4k+2 K42 ey 1 Pﬁﬁz 4k~ i ¢

'M*

[l
o

(vii) j X 4k + 3)dX

?T
|_x

+ P 2x* 4 cos x) Pﬁf;z #41sinx+C, VkeZ®,

~
o

(viii) J. (x,4k +3)dx = Z(— PF3x 43 cos x + P, x4 sin x
i=0

+ P3x MM cos x — P x M sin x)+C, VkeZt,
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Proof. Using the iterative formula of Theorem 1, we can derive the following results respectively.

@) .[ K, (x,4k ) dx

= [P#x* sin x+ B*x** cos x — P*x*sin x - P*x*~2 cos ]

P54kx4k—5 Pk y 4k-6

4k | 4k-7
cosx — P, P x

+ [P x# 4 sin x+ sin X — cosx]

+ cee
+ [P4‘Lﬁ4x4 sin X+ P, x* cos x — P, ,x” sin x — P, x cos x]
+ P;Lk sinx+C
k-1 . .
z PIx** sin x + Z(P;}flx“k““‘l cosx — P x* 2 sin x
i=0
-~ Pj}iax“k"”’?' cos x)+ C, VkeZ".
() | Ky(x4k+1)dx

4k+1,,4k+1 4k+1,,4k
:[Po+x+ P**x

sin X+ P, pkily4k-2

sin x— P cos x]
n [P44k+1x4k—3 Sin X + P54k+1x4k—4 COSX — P64k+1x4k—5 sin X — PA1x %6 ¢ g X]

COSX — P24k+lx4k—1

[P;‘kk;lx sin X+ P<tx* cos x — Pix® sin x — P, 'x? cos x]
Pixsin x + Pt cosx + C
k
_ z(P4z:k+1X4k—4|+1 sin X + Pﬂifllek 4 505 X)
i=0
k-1

Z(P‘fﬁfx‘“‘ “hsin x + PGt cosx)+C, vkeZ".
i=0

i) | K, (x4k+2)dx

_ [P04k+2X4k+2 sin X + P2 cog x — P 2x % sin x — P 2x % cos X]
+ [P;”‘*zx‘”‘*2 sin x + P*"?x*% cos x — P**x* sin x — P***x*"° cos x]
+ cee

+[P2x® sin x+ PK2X° cos x — PE2x? sin x — Pa*2x? cosx]

P4k+2 P4k+2

x?sin x + P, 2xcos x — P2 sin x + C

(Pﬁk+zx4k_4i+2 sin X + P, <2 x4 cos x — P 2x* sin X)

Il
x éM?\_
iR

Pﬁgz #4Tcosx+C, VkeZ'.

g
o

(iv) IKl(x,4k+3)dx
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4k+3,,4k+3 4k+3,4k+2
:lP0+X+ pAk+3yak+

H 4k+3,4k+1
sinx+ P P X

sin x — P***x* cos x|

n [P44k+3X4k—1 Sin x + P54k+3x4k—2 COSX — P64k+3x4k—3 Sin X — P74k+3X4k—4 COSX]

COSX —

4k+3 H 4k-2,,2 4k-3 4k+3
[P x*sin X + P ?x% cos X — P> xsin X — P4 cosx]+C

"
= Z(P4Ai,k+ax4k74i+3 sin x + Pﬁﬁs 44142 (oo y Pa:gax4k 4+ iy letgsxw 4 005 X)
+C.
) j K, (x,4k )dx
- [_ PAx* cosx + B x 1 “r x]
+ [‘ P “x** cosx+ R x*sin x + P x** cos x — P*x*" sin X]

4 ...

P24kX4k—2 Pk y4k-3

sin X+ cosx—P,"x

+ [— P, x* cosx + P ,x%sin X + P, x* cos x — P, xsin x]

— P cosx+C

k-1
4k-4i-1 4k-4i-2 4k—4i-3 .;
( Pk x sin X+ P x cosx — P x sin x)
i=0
—Z P x* 4 cosx+C, VkeZ"
i) | K, (x4k+1)dx
_ [_ P04k+1x4k+1 COS X + P14k+1x4k sin x + P24k+1x4k—1 COSX — P34k+1X4k—2 sin X]

n [_ P44k+1x4k—3 COS X + P54k+1x4k—4 Sin X + P64k+1x4k—5 COS X — P74k+lx4k—6 sin X]

* [_ P ax® cos X+ P ox* sin X + P x® cos x — Py itx? sin X]

_ P4k+1 P4k+1

XCoSX+ P, ; sinx+C

K
Z( P4k+1 4K+ oy | P4k+lx4k i gin X)
4i+1
i=0
k-1
+ ( Potx ™ cos x — P tx 2 sin x)+ C, VkeZzZ".
i=0

(vii) I K, (x,4k +2)dx

4k+2,4k+2 4k+2,,4k+1
—[— P X Px

cosx+ P, P2 x

COS X — P34k+2x4kfl

sin x]
+ [_ P44k+2X4k—2 COS X + P54k+2x4k—3 sin X+ P64k+2X4k—4 COS X — P74k+2X4k—5 sin X]

+ .-

sin X +

4k+2,,6 4k+2,5 o 4k+2,,4 4k+2,3 oi
+ [— Pys X° COSX + P, 57 x7 sin X+ P, "X cos X — P, 5 “x” sin x]
4k+2,,2 4k+2 H 4k+2
— P, X cosx+ P, °xsin x+ P, cosx+C
Kk
_ Z(_ P4zi1k+2X4k—4|+2 COSX + P4Ailﬁrzx4k—4|+l sin x
i=0
k-1

+ P 2x 4 cos x)— D PRI sinx+C, VkeZ".
i=0
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(viii) j (x,4k +3)dx

— [_ Po4k+3X4k+3 COS X + Pl4k+3X4k+2 Sin X + P24k+3x4k+1 COSX — P34k+3X4k Sin X]
i [_ P44k+3x4k—1 COS X + P54k+3x4k—2 sin X + P64k+3X4k—3 COS X — P74k+3x4k—4 sin X]

+ oo
+ [— P ®x® cos x + P 5*x? sin x + P x cos x — P2 sin x]
+C

k
— z(_ P4Ai1k+3X4k—4|+3 COS X + Pﬁtﬁ 4k—4i+2 Sln X

+ P;}ff A cosx — Pk x** sin x)+C VkeZ®.

This completes the proof.
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Figure 1. The first type of K-function.
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Figure 2. The second type of K-function.
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