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ANNOTATION

In the present work, we pose and study one boundary value problem for a parabolic- hyperbolic

third-order equations of the form [Gg + % + CJ( Lu) =01n a pentagonal region with three lines of
X

change of type , one of the hyperbolic parts of which is a triangle, and the other two are
rectangles.
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INTRODUCTION
At present, the study of various boundary value problems for equations of the third and higher
orders of the parabolic-hyperbolic type is being developed in a broad sense. (for example, see [1

1-[7D.
In this article, we pose and study one boundary value problem for the equation
o 0
—+—+c|(Lu)=0, (1)
[y

in the area of Gthe plane xOy, where ceR, G=G, UG, UG, UG, UJ, UJ,Ul,, and a G, -
rectangle with vertices at points A(O; 0), B(l; O), B, (1, 1), AO(O,l); G, — triangle with vertices at
points C(2,0). E(1/2,-3/2). D(-1,0); G, — rectangle with vertices at points A. D. D,(-11),
A,; G, — rectangle with vertices at points B, By, Cy(2,1), C(2,0);J, — open segment with
vertices at points C, D;J, — open segment with vertices at points A, A;; J; — open segment
with vertices at points B, By, a

. Uy, —U,, (x,y)€G,
u=
U, —U,. (x,y)€G;, j=234.

For equation (1), the following is set
A task M, . It is required to find a function u(x, y)that is 1) continuous in G and G\J;\J,\J,

has in the domain continuous derivatives involved in the equation (2.1.1), moreover, u, and u,

are continuous up to a part of the boundary of the region G, indicated in the boundary
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conditions ; 2) satisfies equation (2.1.1) in the domain G\J,\J,\J,; 3) satisfies the following
boundary conditions:

u(2,y)=p (y), 0<y<l; @ u(-Ly)=g,(y), 0<y<l; 3
u, (-1 y)=o,(y), 0<y<1; (four) Uley =w5(x), Y2<x<1; (5)

u|CP =y, (X), 3/2<x<2;(6) ul . =w(X), —1<x<1/2;5(7)

ou
—| =w,(x), -1<x<1/2; (eight)
on|pe

and 4) satisfies the following bonding conditions:
u(x,+0)=u(x,-0)=T(x), —1<x<2; (9) u, (x,+0)=u, (x,—0)=N(x), -1<x<2> (ten)

u, (%,+0)=u, (x,-0)=M(x), xe(-10)u(0,1)U(L2)s (eleven)
u(+0,y)=u(-0,y)=17,(y), 0<y<1; (12) u, (+0,y)=u,(-0,y)=v,(y), 0<y<1; (13)

Uy (+0,y)=u, (-0, y) =, (v), 0<y<1; (fourteen) u(1+0,y)=u(1-0,y)=r(y), 0<y<1; (fifteen)

u, (1+0,y)=u, (1-0,y)=vs(y), 0<y<1; (16) u, (140,y)=u, (1-0,y) = 1 (y), 0<y<L1. 17)

Here ¢, (i =1, 3) andy ( i= 1,_4) — given sufficiently smooth functions, n—the inner normal to the
linex—y=2 (CE)or x+y=-1(DE), a Q(1-1), P(3/2,-1/2). Besides,

7, (x), —1<x<0, v, (x), —1<x<0, Hy (X), 1< x <0,
T(X)=47(x), 0<x<1, N(x)=<v(x),0<x<1, M (X)=1<4(x), 0<x<1,
73(x), 1<x<2; v3(x), 1< x<2; 13(x), 1< x<2,

a T, Vi, l ( =1, 5) - unknown yet sufficiently smooth functions.

The following theorem holds:
Theorem. If ¢,(y)eC’[0.1], ¢,(y)eC’[01], ¢,(y)eC*[01], w,(X)eC*[-LY2], v, (x) e C?[3/2,2],
vy (x)eC?[1/2,1] , w,(x)eC?[-11Y/2] and the matching conditions 7z,(2) =w2(2):¢1(0) ,
(1) =vi(-1)=0,(0) , vi(Y2)=y2(Y2), 7n(0)=7(0)=7,(0), #(0)=7(0), v (0)=7(0),
7, (1)=7,(0)=17,(1), v, (1) =7, (0), are satisfied 7,(1)=17;(1), then the task M, admits a unique
solution.

Proof. We will prove the theorem by the method of constructing a solution. To do this, we
rewrite equation ( 1) in the form
Uy — U, =@ (X=Y)e™, (X,¥) €G3 (18)
U —Uy, =@ (X—y)e™, (X,¥)eG,, 1=23,4, (19)

IXX

where the notation u(x,y)=u(x,y), (xy)eG;, i=14 , and @ (x-y), i=1,4 - unknown yet

sufficiently smooth functions.
First, consider equation (19) ( i=2) in the region G,. Its solution that satisfies the

conditions (9), (10) is written as

333



GALAXY INTERNKTIONAL INTERDISCIPLINARY RESEARCH J ﬁNAL (GIIRJ )

, —~ISSN (E): 2347-6915
Vol=10, Issue 12, Dec. (2022)

U, (X, y _—[T X+y)+T (x- y]+_ny N (t) dt——je’“’dnhj‘”a)z (E-m)dé&. (twenty)
X—y X—y+17

Substituting (20) into condition (8) after some calculations and transformations, we find
w, (x—y) =2y, (X_g_ljeZ(xyﬂ), ~1<x-y<2.

Taking into account condition (7) from (20), after some calculations, we obtain the
relation between the unknown functions T (x)and N(x):

T'(X)=N(Xx)=e, (x), -1<x<2, 21)

where al(x)=l//1'(XT_1]+wz(X) f edy -

0

At —-1<x <0, equation (21) has the form
73 (X)-v, (X)=e, (x), —1<x<0. (22)

Substituting (20) into condition (5), we obtain the relation
7, (X)+v, (X)=6,(x), ~1<x<0, (23)

where
-2

8 (x)= (X+2j J.ec”a)2 x—2n)dn.
From (22) and (23) we find
- %[al (x)+6,(x)], v, (%) :%[51 (X) = ()], ~1<x<0. (24)
Integrating the first of equalities (24) from —1to x, we find
(%) =%](;[a1 (t)+6,(t)]dt +y, (~1), ~1<x<0.
At 1<x S_Z, equation (21) has the form

73 (X)=v; (X) = (x), 1<x<2. (25)

Substituting (20) into condition (6), we obtain the relation
73 (X)+ v, (X)=6,(x),1<x<2, (26)

where

x2
2

5, (X)=w (XJFZJ I e “w, (x—2n)dn.
From (25) and (26) we find
=%[al(x)+§2 ()], vs(x)=%[52 (X) -, (x)], 1<x<2. @7)
Integrating the first of equalities (27) from 2to x, we find
=%':|‘[al (t)+8, (t)]dt+y, (2), 1<x<2.

And for , 0 < x <lequation (21) has the form

334

= j-r—. s



. — = — s — 7 : ~ ,'..'-r—-e._L

ﬁ — e —— = >-
GALAXY INTERNKTIONAL INTERDISCIPLINARY RESEARCH J ﬁNAL (GIIRJ )
~ISSN (E): 2347-6915

~ Vok-10, Issue 12; Dec. (2022)

7 (X)-v (X)=a (X), 0<x<1.(28)
Next, we G,rewrite equation (1) in the domain in the form
-U,, +U =0.

— Uy, +CUy,, —CU

1xxx 1xy 1xxy 1xx 1y

Passing in the last equation and in equation (19) (i= 2)1:0 the limit at y - 0, we obtain
the second and third relations between the unknown functions z,(x), v;(x)and z; (x)on the
type change line J,:

(X)) = vy (X) +v{(X) = 1 (X) + ¢z (X) —cv, (X) =0, 0< x <1, (29)
w(X)=1(X)- @, (x), 0<x<1. (thirty)
Eliminating the functions and from equations (28), (29) and (30) v, (x)and g (X)integrating the

resulting equation from 0to X, we arrive at the equation

rl"(x)—(l—%jrl’(x)—%rl(x) — o, (x)+k, 0= x <1, (31)

where

;al( I[coz +Cay (t) ]dt,

and k, —yet unknown constant.

a, (x)=

When solving equation (31), there may be the following cases: 1°. ¢ =0, ¢ #—2; 2°. c=-2; 3°.
c=0.
Consider case 1°. In this case, solving equation (31 ) under the conditions

:%i[al (0)+6,(0)]dt+ys (1), £(0)= 2 (0)+5,(0)].
7, (1):—%?[051 (t)+6, (1) ]dt +w, (2), (32)

syt e e (t)duj—fc{ex 12(1H
0

c
—=X
k,e"+ke 2, 0<x<1,

where

k=5 [[en (t)+ 6, (t)]dt+ 2, (-2) ~[ @ (0) + 5, (0) .
el 10

k, = %[al (0)+5,(0)] +%k3, K, {e_l—%(l—eg Hl x

x{%[% (2)— ke k3e_;} —I{e —e;(t_l)}az (a2 j[al (t)+3, (t)}dt}.

Consider case 2°. In this case, solving equation (31 ) under conditions (32), we find
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K, :%f[al (1)+6, (0]t + v (1) k= (0)+4,(0)] k.

k1=!//2(2)—(k2+k3) j(l te a2 dt_‘j[% (t)]dt-

0
Consider case 3°. In this case, solving equation (31) under conditions (32), we find

7, () :.X[ex‘toc3 (t)dtJrkl(eX —x—1)+k2 (eX —1)+k3ex, 0<x<1,
0

where
a3(x)=§a2 (t)dt. k, :%j.l[al (t)+6,(t )]dt+l//3 : =—[al (0)]-k,.
kl:e—iz v, (2)-k, (e—l)—kge—iel‘taa (t)dt—%]j[al(t)+52 (t)]dt |.

Thus, we have found the function u, (X, y)in the domain G,completely.

Now let's go to the area G,. Passing in equations (19) (i =2)and (19) (i =3)to the limit at
y — 0, we find
i (X) =177 (X) =@, (X), 1, (X)=7,(X)— @y (x), -1<x<0.

It follows from these equations @, (X)=a,(x), —1<x<0. Changing the argument x to
Xx—y, we have o, (X-y)=0,(x-y), —1<x-y<0.

Further, passing in equations (19) (i =3) and (18) to the limit at x —0and excluding the
function from the obtained equations s, (y), we obtain
o (-y)=o (-y)+ [ (v) -7 (v)]e”. 33)

@, (X - , —1<x-y<0,
where it should bew, (x—y) = =1( y) y
o (x—y), 0<x-y<Ll.

Consider the following auxiliary problem:
Ug = Usy, = Qs (X=Y)e™, (X,¥) G,
Uy (%,0) =T,(x), Uy, (x,0)= N, (x), —2<x<1,
U (1Y) =0, (Y), Uy (-LY) =, (¥), s (0.y) =7, (y), 0<y <L.
The solution of this problem that satisfies all the conditions of the same problem, except
for the condition u,, (-1,y)=¢,(y), will be sought in the form
Us (X, Y) = Ugy (X, Y) + Uy, (X, y) +Ug (X, Y), (34)

where is Uj, (X, y)—the solution of the problem
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Uspex — 31yy =0,
Uy (X,0)=T,(X), Uy, (x,0)=0, —2<x<1,  (35)
Uy (-1 Y) =@, (¥), Uy (0,y)=7,(y), 0Ly <L
Uy, (X, y) —the solution of the problem
Usp o = Uz, =0,
U, (X,0)=0, Uy, (Xx,0)=N, (x), —2<x<1,(36)
Uy, (-1 y)=0, u;, (0,y)=0, 0<y<I;
Ug (X, y) —the solution of the problem
Usge = Usgyy = Q, (X - y)eicy1
Ug; (X,0)=0, Uy, (x,0)=0, —2<x<1,(37)
Ug (-1 y)=0, u; (0,y)=0, 0<y<1.
Using the continuation method, we find solutions to problems (35)-(37). They look like

Ug (X, Y) ——[T (x+Yy)+T,(x-y)], (38)

X+y-7

e dy j Q, (£-n)dé&, (40)

X=y+1n

U32(X y _—ij dt , (39)
o
-3
0

where
20, (-1-x)—17,(-2-x), —2<x<-1,
T, (x)=47,(x), ~1<x<0,
27, (X)—7,(-x), 0<x<I;
—v,(-2—-x), -2<x<-1,
N, (x)=4v,(x), -1<x <0,
—v,(—x), 0<x<1;
a Q, (x)is defined as follows: in the interval —1<x<0it has the form Q,(x)=w,(x), and in the

intervals —2<x<-land 0<x<1it is unknown.
The first two conditions of problem (37) are fulfilled automatically. Satisfying the third of the
conditions of problem (37), after simplification, we obtain

y y
Q,(-1- y)fe’°”d;7 = —je"”’Q3 (y—-1-27)dn. (41)
0 0
Assuming in (40) x — 0, after some transformations, we have

y y
—y)J‘e*C”dn = —J-e*°’7Q3 (y—2n)dn.
0 0
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Making a change of variables y—-2n=z , from the last equality after long

transformations, we find
Q,(y)=2w; (- Ie “dn -, (- {Cj.e “Idn + 3e” Cy} (42)

Substituting (38), (39), and (40) into (34), we have

u3(x,y):%[T2(x+y)+T2(x—y)]+%_[ t)dt—= J'e’”’dn I Q,(&-n)de. (43)

Differentiating this solution with respect to x, we have

Uy, (X, y):%[Tz’(x+ y)+T, (x— y)]+%[N2 (x+y)=N, (x-y)]-

_%jiem [Qs(X+ y—217)—-Q, (x- y):ldn. (44)

Letting in (44) tend xto minus one , taking into account the condition Uy, (-1, y)=¢4(y) and

equality (41), after some transformations, we find
O, (-1-y)={2[# (y-1)+v; (y-1) -0} (Y) -3 (y) |-, (y-1) +
+c[rz’ (Yy-1)+v,(y-1)-o, (y)—¢3(y)]}ecy, 0<y<l1.

Letting in (44) tend x to zero, taking into account (13) and (42), after some
transformations we obtain the relation

vi(Y)=7i(y)+B.(y), 0<y<1, (45)

where
B(Y) =7 (y) v, (¥) - o, (—y)Ie”dn.

Now let's go to the area G,. Passing in equations (19) (i =2)and (20) (i =4)to the limitat y —0
, we find
s (X) =7 (X) =@, (X), 15 (X) =77 (X) -, (X), 1<x<2.

It follows from these equations @, (X)=w,(x), 1<x<2. Changing the argument X to
x—y, we have o, (x—y)=w,(x-y), 1<x-y<2.

Further, passing in equations (19 ) (i=4)and (18) to the limit at x —>1, after some
calculations we obtain
Q, (1-y)=o,(1-y)-e [ (y) - (y)]- 46)

Now consider the following auxiliary problem:

a —Ugy =, (x=y)e™, (x,y)eG,,
u, (x,0)=T,(x), u,, (x,0)=N,(x), 0<x<3,
u(2y)=0,(y), u, (Ly)=75(y), 0<y<L1.

The solution to this problem will be sought in the form
Uy (X, Y)=Ug (X Y) + Uy, (X Y) +Ug (X y), (47)

u
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where is U, (X, y) - the solution of the problem

ayy ~ 0,

Uy (X,0) =T, (X), Uy, (x,0)=0,0<x<3,  (48)

U (2Y) =01 (), U (Ly)=75 (), 0<y <L,
Uy, (X, y) —the solution of the problem

Uy — U

u42xx 42yy 0

Uy, (X,0)=0, Uy, (X,0)=N,(x), 0<x<3,(49)
U, (2,y)=0,u,(Ly)=0,0<y<I

Uy (X, y) —the solution of the problem

— U, =Q, (x—y)e™™,

Uy (X,0)=0, Uy, (x,0)=0, 0<x<3, (fifty)

Uy (2,y)=0,u,(Ly)=0,0<y<l.
Using the continuation method, we find solutions to problems (48)-(50). They look like

u43xx

Uy (X, Y)= 1[T3 (X+y)+T, (x- y)] ,(51)

X+y

X+y-n

Ugs (%, Y) ———Ie’°”dn j Q, (&-n)dé, (53)
X=y+n

where

20, (x—2)—17,(4-x), 2<x<3,
T, (X)=1975(x), 1<x<2,
27, (1-x)—75(2-x), 0<x<I;
—v;(2-x), 0<x<1,
N, (X)=1v,(x), 1<x<2,
—v; (4-x), 2<x<3,
a Q, (x)is defined as follows: in the interval 1< x <2it has the form Q, (x)=w,(x), and in the

intervals 0<x<land 2<x<3it is unknown.
The first two conditions of problem (50) are satisfied automatically. Satisfying the third
condition of problem (50), we find

y
Q,(2+Y)=-w,(2-y)+20}(2-y) [e"dn. (54)
0
Assuming in (53) x —>1, after some transformations, we have

/ MY Sy
20, (1- y)J'e’°”dn:—I g2 )Q4 (z)dz . (55)
0

-y
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Substituting (51), (52), and (53) into (47), we have

X+y X+Yy-n

u4(x,y):%[Ts(x+y)+T3(x—y)]+%I dt——_[e‘c”dn J‘ Q,(£-n)dé. (56)

X=y X=y+1

Differentiating this solution with respect to x, we have

Uy, (%, y)=%[T3’(x+y)+T3’(x—y):|+%[N3 (x+y)=N, (x=y)]-

_%j‘e—crz [Q4 (X+ y—277)—Q4 (X— y)]dﬂ. (57)

Putting in (57) x —1 taking into account equalities (46) and (55), after some calculations and
transformations, we arrive at the relation

1, 21 2y,
v (V) =5 (V) == [e 5 (n)dn + 4, (v), 0=y <1, (58)
0

2 5
where

, 1y —E(1+—)
,Bl(y):ra(1+y)+v3(1+y)—zje 2 o, () dy -

0
1 2
——I 1 n dn—Ee v3(1)
Now let's move on to the area D,. Passing in equation (18) to the limit at y — 0, we find

o, (X) =7/ () =1, (x), 0<x<1,
where 7, (x)and v, (x)are known functions.

Further, the solution of Eq. (18), which satisfies conditions (9) for 0 < x <1, (12), and (15),

1s written as

u, (X, y):_y[r4 (7)G; (x, y;0,77)d77—ir5 (7)G; (x, y;1,77)d17+jrl(§)G(x, y;&,0)dé -

y 7 y 1—
~Jednf o (6 -n)G(xy:§m)de - [ednfa (& ~n)G(x y:£.n)ds.

n
Differentiating this solution with respect to x and tending x to zero and one, we obtain two more
relations between the unknown functions 7, (y), v, (y), zs (y)and v, (y). From these obtained
two relations and (45), (58), after lengthy calculations, we arrive at a system of two Volterra
integral equations of the second kind for unknown functions 7, (y)and z; (y):

(V) + K (yom)zs (m)dn + [ K, (v.n) 7l (n)dn =g, (y), 0<y<1, (59)

Ol < O <

7 (y)+ [ K (yom)zi (n)dn + [K, (y,m)z; (n)dn =g, (y), 0<y<1, (60)

where K, (y,77), K,(y.7), K;(y.,77),K,(y,7) and 9,(y), 9, (y)— well-known functions K, (y,7)
and K, (y, 77) have a weak singularity (of order 1/2), the functions
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K, (v.7), K,(y.,7), 9,(y)and g, (y)-are continuous, and

G(x,y;f,ﬂ)}: 1 f exp{—(XQZz”)TJ—rexp{—(“g2”)2}
N(yi&m)]  2x(y—n) e 4(y-mn)

- Green's functions of the first and second boundary value problems for the Fourier equation .
Solving the system of equations (59), (60), we find the functions 7, (Yy), 7. (y)and thus the

functions v, (), vs (y), @ (=Y), Q4 (1-Y), T,(x), To(x), N, (x), Ny (x), u(x,y), us(xy).
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