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ANNOTATION 

In this thesis, two types are in a rectangular region with a variation line ( ) 0с Lu
x y

  
− + = 

  

for a third-order parabolic-hyperbolic equation in the form a single boundary value problem is 

posed and studied. 
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INTRODUCTION 

The study of various problems for equations of the third and higher orders of the parabolic-

hyperbolic type began in the 1970s and 1980s . Such problems were studied mainly by T. D. 

Dzhuraev and his students (for example, see [1] , [2]). 

At present, the study of various boundary value problems for equations of the third and higher 

orders of the parabolic-hyperbolic type is being developed in a broad sense. (for example, see [3 

] - [ 5]). 

 

FORMULATION OF THE PROBLEM 

In the plane xOy region G , consider the equation 

                           ( ) 0с Lu
x y

  
− + = 

  
, (one) 

where Rc ,
( )

( ) ( )





=−

−


,3,2,,

,,, 11

iGyxuuuL

GyxuuuL
Lu

iyyxxi

yxx
 21321 JJGGGG = , −1G rectangle 

with vertices at points ( )0,0A , ( )0,1B , ( )1,10B , ( )1,00A ; −2G triangle with vertices at points 

( )0,0A , ( )1,00A , ( )0,1−D ; −3G triangle with vertices at points ( )0,1B , ( )1,10B , ( )0,2E ; −1J  open 

segment with vertices at points ( )0,0A and ( )1,00A ; −2J  open segment with vertices at points 

( )0,1B and ( )1,10B , i.e. −G  quadrilateral with vertices at points ( )0,1−D , ( )1,00A , ( )1,10B , 

( )0,2E . 

 In this area, there is 
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A task ( )
1

11 cM − . Find a function ( )yxu , that is 1) continuous in a closed region G and in the area 

1 2\ \G J J has continuous derivatives involved in equation (1), and xu , yu and yyu are continuous 

in G up to the part of the boundary of the region G specified in the boundary conditions ; 2) 

satisfies equation (1) in the region 
1 2\ \G J J ; 3) satisfies the following boundary conditions: 

( ) ( ) 10,0, 1 = xxfxu ,                                             (2) 

( ) ( ) 10,0, 2 = xxfxu y ,                                            (3) 

( ) ( ) 01,0, 3 −= xxfxu ,                                            (4) 

( ) ( ) 01,0, 4 −= xxfxu y ,                                           (5) 

( ) ( ) 01,0, 5 −= xxfxu yy ,                                           (6) 

( ) ( ) 21,0, 6 = xxfxu ,                                               (7) 

( ) ( ) 21,0, 7 = xxfxu y ,                                              (8) 

( ) ( ) 21,0, 8 = xxfxu yy                                               (9) 

and 4) satisfies the following continuous gluing conditions : 

( ) ( ) ( ) 10,,0,0 1 =+=− yyyuyu  ,      (ten) 

( ) ( ) ( ) 10,,0,0 1 =+=− yyyuyu xx  ,                    (eleven) 

( ) ( ) ( ) 10,,0,0 1 =+=− yyyuyu xxxx  ,              (12) 

( ) ( ) ( ) 10,,01,01 2 =+=− yyyuyu  ,       (13) 

( ) ( ) ( ) 10,,01,01 2 =+=− yyyuyu xx  ,       (fourteen) 

 ( ) ( ) ( ) 10,,01,01 2 =+=− yyyuyu xxxx  ,     (fifteen) 

where ( )9,1=if i are given sufficiently smooth functions, and ( )2,1,, =jjjj  are still unknown 

fairly smooth functions. 

  

Theorem. Let  1,03

1 Cf  ,  1,02

2 Cf  ,  0,13

3 −Cf ,  0,12

4 −Cf ,  0,11

5 −Cf ,  2,13

6 Cf  , 

 2,12

7 Cf  ,  2,11

8 Cf   and the matching conditions are met ( ) ( ) ( )000 311 ff == , 

( ) ( ) ( )000 421 ff == , ( ) ( ) ( )110 612 ff == , ( ) ( ) ( )110 722 ff == , then the task ( )
1

11 cM −  admits a unique 

solution . 

 To prove this theorem, we introduce the notation ( ) ( )yxuyxu i ,, = , ( ) ( )3,2,1, = iGyx i . 

Then equation (1) can be rewritten as 

( ) cy

yxx eyxuu −+=− 111  ,      (16) 

 ( ) ( )3,2=+=− − ieyxuu cy

iiyyixx  ,                                     (17) 

where ( ) ( )3,2,1=+ iyxi  − unknown yet sufficiently smooth functions. 

 Sachala task ( )
1

11 cM −  consider in the area 3G . Passing in equation (17) ( 3=i ) to the limit 

at 0→y , due to conditions ( 7 ) and (9) we find 

( ) ( ) ( ) 21,863 −= xxfxfx . 

In this equality, changing x on yx+ , we have 
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( ) ( ) ( ) 21,863 ++−+=+ yxyxfyxfyx . 

 Now let's look at the following auxiliary problem : 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )







==

==

+=− −

.10,,1,,1

,20,0,,0,

,,,

2323

7363

3333

yyyuyyu

xxFxuxFxu

Gyxeyxuu

x

y

cy

yyxx



(eighteen) 

 The solution of equation (1 8 ) that satisfies all conditions except the condition 

( ) ( )yyu x 23 ,1 = , we will search in the form 

( ) ( ) ( ) ( )yxuyxuyxuyxu ,,,, 3332313 ++= (19) 

where ( )−yxu ,31 the solution of the problem 

( ) ( ) ( )

( ) ( )







=

==

=−

,10,,1

,20,00,,0,

,0

231

31631

3131

yyyu

xxuxFxu

uu

y

yyxx



(twenty) 

( )−yxu ,32 the solution of the problem 

( ) ( ) ( )

( )







=

==

=−

,10,0,1

,20,0,,00,

,0

32

83232

3232

yyu

xxFxuxu

uu

y

yyxx

(21) 

( )−yxu ,33 the solution of the problem 

( ) ( )

( ) ( )

( )







=

==

+=− −

.10,0,1

,20,00,,00,

,,,

33

3333

333333

yyu

xxuxu

Gyxeyxuu

y

cy

yyxx

(22) 

 Here the functions ( )xF6 , ( )xF7 and ( )yx +3  are defined as follows : when 21  x  the 

functions ( )xF6 wa ( )xF7 are known: ( ) ( )xfxF 66 = , ( ) ( )xfxF 77 = , and for 10  x  they are still 

unknown . Function ( )yx +3 in between 21 + yx  known, i.e. ( ) ( )yxyx +=+ 33  , and in 

between 10 + yx  she is still unknown . 

 The solution to problem (20) that satisfies the first two conditions is written as 

( ) ( ) ( ) yxFyxFyxu −++= 6631
2

1
, .                 (23) 

 Substituting ( 2 3) into the third condition of the problem (20 ), we get  

( ) ( ) ( ) 10,121 626 +−=− yyfyyF                                (2 4 ) 

AT (24) changing y−1 to x , we find 

( ) ( ) ( ) 10,212 626 −−−= xxfxxF   

Then we have  

( )
( ) ( )

( )





−−−
=

.21,

,10,212

6

62

6
xxf

xxfx
xF


 

 Now let's write a solution to the problem (2 1 ) that satisfies the first two conditions : 
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( ) ( )
+

−

=

yx

yx

dttFyxu 732
2

1
, . (25) 

 Substituting (2 5 ) into the third condition of the problem ( 21 ), we obtain 

( ) ( ) 10,11 77 +−=− yyfyF .                              (2 6 ) 

AT (26) changing y−1 on x , we find 

( ) ( ) 10,277 −−= xxfxF . 

So , 

( )
( )

( )





−−
=

.21,

,10,2

7

7

7
xxf

xxf
xF  

 Finally , let's write down the solution of the problem (2 2 ) that satisfies the first two 

conditions : 

( ) ( ) 
−+

+−

− +−=

y yx

yx

c ddeyxu
0

333
2

1
,





  . (27) 

 Substituting (2 7 ) into the third condition of problem (2 2 ) , we obtain 

( ) ( )
−− +−=+−

y

c

y

c deydye
0

3

0

3 121   .                   (2 8 ) 

In the integral on the left parts of equality (2 8 ) , making a replacement zy −=+− 121  , we get 

( )
( ) ( )

−

−

−−

+−=−

y

c

y

y

zy
c

deydzze
0

33
2 121   . (29) 

 Differentiating equalities (29) and taking into account equality ( 29 ) itself, after some 

calculations, we find 

( ) ( ) ( )  ( ) cy

y

c eydeycyy −− +−+++−=−  131121 3

0

333   . 

 Now substituting (2 3 ), (2 5 ) and (2 7 ) into ( 19 ), we have 

( ) ( ) ( )  ( ) ( ) 
−+

+−

−

+

−

+−+−++=

y yx

yx

c

yx

yx

ddedttFyxFyxFyxu
0

37663
2

1

2

1

2

1
,





  . (thirty) 

Differentiating ( 30 ) with respect to x , we find 

( ) ( ) ( )  ( ) ( ) −−−++−++= yxFyxFyxFyxFyxu x 77663
2

1

2

1
,  

( ) ( )  +−−+− −

y

c dyxyxe
0

33 2
2

1


. (31) 

 Passing in (3 1 ) to the limit at 1→x  and taking into account (2 4 ), (2 6 ) and (2 8 ) , we 

arrive at the relation 

( ) ( ) ( ) 10,122 +−= yyyy  , (32) 

where 

( ) ( ) ( ) ( )
−+−+++=

y

c deyyfyfy
0

3761 111   . 
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 Now the task ( )
1

11 cM −  consider in the area 2G . Passing in equation (3.1.17) ( 2=i ) to the 

limit at 0→y , due to (4) and (6) , we obtain  

( ) ( ) ( ) 01,532 −−= xxfxfx .  

In this equality, changing x on yx+ , we find 

( ) ( ) ( ) 01,532 +−+−+=+ yxyxfyxfyx . 

 Now consider the following auxiliary problem : 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )







==

−==

+=− −

.10,,0,,0

,11,0,,0,

,,,

2222

4232

2222

yyyuyyu

xxFxuxFxu

Gyxeyxuu

x

y

cy

yyxx



(33) 

 Solution of problem (33) that satisfies all the conditions of this problem except 

( ) ( )yyu x 22 ,0 = , we will search in the form  

( ) ( ) ( ) ( )yxuyxuyxuyxu ,,,, 2322212 ++= , (34) 

here ( )−yxu ,21 the solution of the problem 

( ) ( ) ( )

( )







=

−==

=−

,10,0,0

,11,00,,0,

,0

21

21321

2121

yyu

xxuxFxu

uu

y

yyxx

(35) 

( )−yxu ,22 the solution of the problem 

( ) ( ) ( )

( )







=

−==

=−

,10,0,0

,11,0,,00,

,0

22

42222

2222

yyu

xxFxuxu

uu

y

yyxx

(36) 

( )−yxu ,23 the solution of the problem 

( ) ( )

( ) ( )

( )







=

−==

+=− −

.10,0,0

,11,00,,00,

,,,

23

2323

222323

yyu

xxuxu

Gyxeyxuu

y

cy

yyxx

(37) 

 Here ( )xF3 , ( )xF4 and ( )yx−2  are defined as follows : 

In the interim 01 − x  functions ( )xF3 and ( )xF4  known , i.e. ( ) ( )xfxF 33 = , ( ) ( )xfxF 44 = , and in 

the interval 10  x  they are still unknown . In the interval 01 +− yx , the function 

( )yx +2 is known, i.e. ( ) ( )yxyx +=+ 22  , and in between 10 + yx  she is still unknown . 

 Let's write down the solution of problem (35) that satisfies the first two conditions of this 

problem : 

( ) ( ) ( ) yxFyxFyxu −++= 3321
2

1
, .          (38) 

 Substituting ( 38 ) into the third condition of problem (35) , we obtain  

( ) ( ) ( ) 10,2 313 −−= yyfyyF  .             (39) 

Means 
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( )
( )

( ) ( )



−−

−
=

.10,2

,01,

31

3

3
xxfx

xxf
xF


 

 Now let's write a solution to problem (36) that satisfies the first two conditions of this 

problem : 

( ) ( )
+

−

=

yx

yx

dttFyxu 422
2

1
, . (40) 

 Substituting (40) into the third condition of problem (36) , we obtain 

( ) ( ) 10,44 −−= yyfyF .                               (41) 

Means 

( )
( )

( )



−−

−
=

.10,

,01,

4

4

4
xxf

xxf
xF  

 Finally , let's write a solution to problem (37) that satisfies the first two conditions of this 

problem : 

( ) ( ) 
−+

+−

− +−=

y yx

yx

c ddeyxu
0

223
2

1
,





  . (42) 

 Substituting (42) into the third condition of problem (37) , we obtain the relation  

( ) ( )
−− −=−

y

c

y

c deydye
0

2

0

2 2   .                    ( 4 3) 

 Now substituting (38), (40) and (42) into (34), we obtain 

( ) ( ) ( )  ( ) ( ) 
−+

+−

−

+

−

+−+−++=

y yx

yx

c

yx

yx

ddedttFyxFyxFyxu
0

24332
2

1

2

1

2

1
,





  . (44) 

Differentiating (44) with respect to x , we have 

( ) ( ) ( )  ( ) ( ) −−−++−++= yxFyxFyxFyxFyxu x 44332
2

1

2

1
,  

( ) ( )  +−−+− −

y

c dyxyxe
0

22 2
2

1
 . (45) 

 Passing in (45) to the limit at 0→x  due to (39), (41) and ( 4 3) , we arrive at the relation 

( ) ( ) ( )  ( ) ( ) −−−+−+= yfyFyfyFy 44331
2

1

2

1
  

( ) ( ) =−+− 
−−

y

c

y

c dyedey
0

2

0

2 2
2

1

2

1
 

 

( ) ( ) ( )  ( ) ( )  ( ) −+−−−−+−+−+= −

y

c dyeyfyfyfyfy
0

244331 2
2

1
2

2

1
  , 

those. 

( ) ( ) ( ) ( ) ( ) 10,2
0

24311 −+−−−+= 
− ydyeyfyfyy

y

c    

silt and 
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( ) ( ) ( ) ( ) ( )yfyfyydye

y

c −+−−−=−
−

4311

0

2 2  . 

 In the integral, which is on the left side of this equality, by replacing y−2 with z− , we 

get 

( )
( ) ( ) ( ) ( ) ( ) yfyfyydzze

y

y

zy
c

−+−−−=−
−

−−

43112
2 2  .                        (4 6 ) 

Differentiating (4 6 ) and taking into account again this equality (4 6 ), after some calculations, 

we find  

( ) ( ) ( ) ( ) ( ) ( )  +−+−−−−−−= cycy eyfyfyyceyy 431122   

( ) ( ) ( ) ( )  cyeyfyfyy −−−+−+ 43112  .                             (47) 

 Now passing in equation (16) to the limit at 0→y , we find : 

( ) ( ) ( ) 10,2111 −= xxfxfx , 

the notation is introduced here  

( )
( )

( )



++

++
=+

.21,

,10,

12

11

1
yxyx

yxyx
yx




  

 Further, passing in equations (17) ( 2=i ) and (16) to the limit at 0→x , due to (1 0 ) and 

(12), we obtain the relations 

( ) ( ) ( ) 10,211 =− − yeyyy cy , ( ) ( ) ( ) 10,1111 =− − yeyyy cy . 

Eliminating from these relations the function ( )y1 , we find 

( ) ( ) ( ) ( )  10,11112 −−= yeyyyy cy . (48) 

 If we substitute (48) into (47), then after some calculations we arrive at an ordinary 

differential equation for ( )y1 : 

( ) ( ) ( ) ( ) ( ) 10,
2

1

2

1

2
21111 +

−
+=− yysye

c
yey

c
y cycy  ,       (49) 

where 

( ) ( ) ( ) ( ) ( )  ( ) ( )  cycycy eyfyfeyfyf
c

yeyys −−−−−−−−−+= 43432112
22

1

2

1
 . 

 Solving equation (49) under the condition ( ) ( )00 11 f = , we get the ratio 

( ) ( )
( )

( ) ( ) 10,
4

32

2

1
2

0

1
2

11 +
−

+= 
+

yydzze
c

yey

y
zy

c

cy  , (fifty) 

here 

( ) ( ) ( )
( )

( )
−

++−=

y
zy

c
y

c
y

c

dzzsefefey
0

2
2

1
2

2
2

2 00
2

1
 . 

 Now the task ( )
1

11 cM −  consider in the area 1G . Passing in equations (16) and (17) ( 3=i ) to 

the limit at 1→x , due to (13) and (15) we get 

( ) ( ) ( ) cyeyyy −+=− 11222  , ( ) ( ) ( ) 10,1222 +=− − yeyyy cy . 

Excluding from these equations the function ( )y2 , we find 

( ) ( ) ( ) ( )  cyeyyyy 22312 11  −++=+ . (51) 



 
 

 

GALAXY INTERNATIONAL INTERDISCIPLINARY RESEARCH JOURNAL (GIIRJ) 
ISSN (E): 2347-6915 

Vol. 10, Issue 12, Dec. (2022) 
 

75 

Further, we write the solution of equation (16) , satisfying conditions (2), (10), (13): 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1

1 1 2 1

0 0 0

, , ;0, , ;1, , ; ,0

y y

u x y G x y d G x y d f G x y d           = + + −    

( ) ( ) ( ) ( )
1 1

11 12

0 0 0 1

, ; , , ; ,

y y

c ce d G x y d e d G x y d



 



             
−

− −

−

− + − +    . (52) 

 Differentiating ( 52 ) with respect to x , we get 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1

1 1 2 1

0 0 0

, , ;0, , ;1, , ; ,0

y y

xu x y N x y d N x y d f N x y d            = − + + +    

( ) ( ) ( ) ( )
1 1

11 12

0 0 0 1

, ; , , ; ,

y y

c ce d N x y d e d N x y d



 

 



             
−

− −

−

+ + + +    . 

 In the last integral of this equality, replacing  + by1 z+  and substituting (51) into the 

last equality , after some calculations and transformations, we get 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1

1 1 2 1

0 0 0

, , ;0, , ;1, , ; ,0

y y

xu x y N x y d N x y d f N x y d            = − + + +    

( ) ( ) ( ) ( )
1

11 3

0 0 0

, ; , 1 , ;1 ,

y y y

c c

z

e d N x y d z dz e N x y z d



 

           
−

− −+ + + + − + −     

( ) ( ) ( ) ( ) ( ) ( )2 2

0 0

0 , ;1 , 1 , ; ,

y y y

c zcf e N x y d c d e N x y z z dz


 



      
−− − − − + − +    

( ) ( ) ( )2

0

, ;1 ,

y y

c z

zd e N x y z z dz




   
−+ − +  . (53) 

 Passing in (53) to the limit at 0→x , due to (50) , we get 

( )
( )

( ) ( ) =+
−

+ 
+

yde
c

ye

y
y

c

cy

2

0

1
2

1
4

32

2

1




 

( ) ( ) ( ) ( ) ( ) ( )
1

1 2 1

0 0 0

0, ;0, 0, ;1, 0, ; ,0

y y

N y d N y d f N y d            = − + + +    

( ) ( ) ( ) ( )
1

11 2

0 0 0

0, ; , 0 0, ;1 ,

y y

c ce d N y d f e N y d



 

          
−

− −+ + − − −    

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2

0 0

1 0, ;1 , 0, ;1 ,

y y y y

c z c z

zc d e N y z z dz d e N y z z dz
 



 

       
− − − + − + + − + +     

( ) ( )3

0

1 0, ;1 ,

y y

c

z

z dz e N y z d

   −+ + − +  . 

 If in this equality we introduce the notation  

( )
( )

( )


,0;,02
2

32
, 2

1 yNee
c

yK cy
z

c

−
−

+
−

= , ( ) ( )+−= −  ,1;,02,2 yNeyK cy  

( ) ( ) ( ) ( ) ( ) +−−+−++ −−−−

y

z

zyc

y

zyc dzzzyNedzzzyNec







  ,1;,02,1;,012 , 



 
 

 

GALAXY INTERNATIONAL INTERDISCIPLINARY RESEARCH JOURNAL (GIIRJ) 
ISSN (E): 2347-6915 

Vol. 10, Issue 12, Dec. (2022) 
 

76 

( ) ( ) ( ) ( ) ( ) ( ) ( )
11

1 2 1 11

0 0 0

2 2 0, ; ,0 2 0, ; ,

y

c ycy cyg y e y e f N y d e d N y d




          
−

− +− − = − + + + −  

( ) ( ) ( ) ( ) ( ) ( )2 3

0 0

2 0 0, ;1 , 2 1 0, ;1 ,

y y y

c y c y

z

f e N y d z dz e N y z d
 

       
− + − +

− − + + − +   , 

then we get 

( ) ( ) ( ) ( ) ( ) ( )ygdyKdyKy

yy

1

0

22

0

111 ,, =++   . (54) 

no olamis. 

 Now passing into (53) to the limit at 1→x , due to (32), after lengthy calculations and 

transformations, we obtain 

( ) ( ) ( ) ( ) ( ) ( )ygdyKdyKy

yy

2

0

13

0

242 ,, =++   ,                    (5) 

where 

( ) ( ) ,0;,1,3 yNyK −= , ( ) ( )−−=  ,1;,1,4 yNyK  

( ) ( ) ( ) ( ) ( ) +−++−+− −−

y

z

zc

y

zc dzzzyNedzzzyNec







  ,1;,1,1;,11 , 

( ) ( ) ( ) ( ) ( ) ( )
11

1 1 1 11

0 0 0

1, ; ,0 1, ; ,

y

cg y y f N y d e d N y d





          
−

−= − − + −    

( ) ( ) ( ) ( )3 2

0 0

1 1, ;1 , 0 1, ;1 ,

y y y

c

z

z dz e N y z d f N y d

       −− + − + + −   . 

 Solving system (54), (55) , we find the functions ( )y1  and ( )y2   and thus , the solution of 

the problem ( )
1

11 cM − is unique. 
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