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ABSTRACT

This paper aims at a class of uncertain 5D laser dynamic systems, seeking a linear controller
that is cheap and easy to produce in hardware, so that the entire system can achieve stability.
Using differential and integral inequalities combined with control theory, a linear controller
guaranteed to achieve global exponential stability will be derived. Besides, the guaranteed
exponential convergence rate will be estimated. Finally, multiple numerical simulation results
are provided to illustrate the correctness of the main theorem of this article and the design
process of the linear controller.

Keywords: uncertain 5D laser system, robust control, linear control, state feedback, global
exponential stability, uncertain systems.

INTRODUCTION

As we know, since laser dynamic systems are nonlinear systems, their related analysis and
design are naturally more complex and difficult than linear systems. In recent years, there
have been many related analyzes and research results on laser dynamic systems; see, for
example, [1]-[11] and the references therein. In particular, some laser dynamic systems have
been proven to be chaotic systems, and the unpredictability of their signals makes controller
design more difficult.

The parameters of most dynamic systems often change with temperature, humidity or
pressure, etc. Therefore, it seems that a mathematical model that is consistent with the actual

502



3 = = - Z s -
GALAXY INTERNKTIONAL INTERDISCIPLINARY RESEARCH J ﬁNAL (GIIRJ )

—~ISSN (E): 2347-6915
‘Vol~42, Issue 3; March (2024)

situation becomes crucial. Considering the uncertain dynamic system as a real model can be
the solution.

In this paper, due to the above motivations, the problem of controller design for uncertain laser
dynamic systems i1s explored. For a type of uncertain 5D laser system, we hope to design a
linear controller to promote the entire closed-loop system to achieve global exponential
stability. In addition, we will accurately calculate its exponential convergence rate. Finally,
some numerical simulation results are provided to verify the correctness of the proposed

theory. Throughout this paper, means

the Euclidean norm of the vector x eR".

PROBLEM FORMULATION AND MAIN RESULTS

In this paper, we explore the following uncertain 5D laser systems:
X, = AaX, + Ad; X, + Ad,X; + f,(X,, X, , Xg, Xy, Xs ). (1a)

X, = AdX, + Ad,X, + AdgX, + AdgX, + A% + (X, X, X5, X, X )+ Adh(u,),  (1b)

X, = AdgX, + AdgX, + Ad;oX, + Ady, X, + Ad, X + F,(X, %, X5, X, X )+ Ay (Uy), (1)

X, = AdyyX, + Ady, X, + AbX, + F, (X, X, Xg, X, X ), (1d)

X = AdygX, + Adyg X, + ACX + F5(X, Xy, X5, X4, Xs ), (1e)
where x(t):=[x(t) %,(t) xt) x,(t) x(t)] eR>* is the state vector, u(t)=[u,(t) u,(t)] eR>*
is the input vector, Aa, Ab, Ac,and Ad, are uncertain parameters, f. is a nonlinear smooth
function and satisfies Af, (0,0,0,0,0): O,Vie {L2,3,4,5} , and the smooth operator
A (u): Ro>NR, Vie {1,2} is the uncertain input nonlinearity.

Below we make appropriate assumptions regarding the nonlinear terms and uncertain terms
of uncertain nonlinear systems of (1):

(A1) There are constants a,b, ¢, and d, such that
Aa<-a<0, Ab<-b<0, Ac<-c<0, |Ad|<d, Vie{23: 16}
(A2) There are positive numbers ki, k,, ks, k,, and k; such that

5
Zkiz X fi(Xl,Xz,Xs,X4,X5):0.
i=1

(A3) There are positive numbers I, and r, such that
r-u’<u-Ag(u), Viefl, 2}

Remark 1: The 5D laser dynamic system was first proposed and studied by Zeghlach and
Mandel [11]. Its model is equivalent to (1) with the following parameters:
Aa=-2,Ab=-1 Ac=-0.25 Ad, =-Ad, =2Ad,, =—-2Ad,, =—-0.004,

Ad, =-Ad, = -Ad, = 2Ad,, =2, Ady = Ad,, =20,
Ad, =0,V ie 579121516}, A4(u)=0, Vie {1,2}.

Obviously, the system considered in [11] can be regarded as a special case of uncertain systems

of (1).
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The following introduces the relevant definitions mentioned in the main theorem of this paper.
Definition 1 [12, 13]. If there are positive numbers «, k and a suitable controller satisfies

() <k-e, Vvt=0,

the uncertain nonlinear systems (1) are said to be globally exponentially stabilized.
Furthermore, we call this positive number « the exponential convergence rate.

Before stating the main theorem, we define the following two parameters:

— —\2 —_ —\2 —_ —\2 —_—
{&m+n¢ {&%+M%J {n¢+a¢1 (@+@%j
| = kz k1 k4 kz i k5 kz n 5 kz2 , (2 a)

L= +

4a 4b 4c
J— —\2 —_ —\2 —_ —\2 —_
{m%+a% {amuxmm] {%%+&%ﬂ (@+@%J
|2 — ks k1 i I(4 k3 k5 ks k32 . (2b)
4a 4b 4c 2

In the following we present the main result for the global exponential stabilization of uncertain
nonlinear systems of (1).

Theorem 1. The uncertain 5D laser systems (1) with (A1)-(A3) are globally exponentially stable
at the zero equilibrium point, subject to the linear controller

U= [_ Bx, - /Bzxs]T ’ (3)
with
ﬂ12|1+d4+hl, ﬁ22I2+d10+h2, (4)
rl r2
h >0, and h, >0. Besides, the guaranteed exponential convergence rate can be estimated as
. Ja b c
=min{=,=,Z,h,h¢. (5)
“ {3 373" 2}

Proof. Let
5
V(x(t)=> kZ-x(t). (6)
i=1
The derivative of V(x(t)) with respect to time along the trajectories of uncertain systems (1),
with (A1)-(A3) and (2)-(6), can be derived as
V(X(t))=2KZ - X%, + 2KZ - X, X, + 2KZ - X, X, + 2KZ - X, X, + 2KZ - Xs X
= 2k?x, (Aax, + Ad,x, + Ad,x, + f,)
+ 2k2%,[Ad,X, + Ad, X, + AdgX, + AdgX, + Ad, X + T, + Agi(u, )]
+ 2k2x,[Adgx, + AdgX, + Ad, X, + Ad, X, + Ad,X; + T, + Ag,(u, )]
+2k2x,(AdzXx, + Ad,,X, + Abx, + f,)
+ 2kZ%s (Ad,gX, + Ady X, + Acx, + f,)
< —2¢ax + 2T x| + 2K x|
+ 2KZ | %, [%, | + 22 d, %2 + 2K dg X, [X,|
+ 2K; A%, X, | + 2K3 o[, [Xs| + 2k3 dg|x, ||
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+ 2KZ dg X, [Xs| + 2KZ Ay X2 + 2KZ 0l XX, | + 2K Ay, X Xs|
+ 2K Oy X, [X, | + 2K Ay XX, | — 2k DX

+ 2K Oy X, | Xs| + 2K g X, X | — 2K CX2

+ 2(k12x1 f+k2x, T, + k2%, + k2%, T, + kX f5)
+2K2X,Ad (U, )+ 2k2 XA, (U, )

a a a — —
_ —2kf(§+§+§jxf 22T g + 2620, g

+ 2k22d_3|x1||x2| + 2k22d_4x22 + 2k22d_5|x2||x3|
+ 2k2dg X, | Xy + 2K2d |, X | + 2kZ dg| %,
+ 2k3 do|X, | X | + 2K3 Ao X5 + 2K dyy X5 X, | + 2K; dyy| X | X4

+ 2kfd13|X2“X4| + 2kfdl4|X3||X4| ~ 2% (3 "3 3 " ‘?J "

2
XS

cC C
2T+ 26T — 26 (3+3+3j

+2k2x,Ad, (U, )+ 2k2x,Ag, (U, )

-2 22 2 2T+ 26T

+2k? d3|x1||x2| +2k2 d4x2 +2k? d5|x2||x3|
+ 2k do|Xo [ %] + 23 d X, [ X6 | + 2K3 dg| X, | Xy]
+ 2K Ao X, |[Xs| + 2K3 dyo X5 + 23 dlyy |X5|| X, | + 2K3 d, | X5 | ]

o+ 2K Gy X [ X+ 2K o %, - ij(g 3’ §sz

2T+ 26T el -2 S+ S+ 2

3 3
_2k2u1A¢1( u) k2UA¢z( u,)
A P,

< —2k; (2 2 ajxl +2(k d, + k2d }x1||x2|+2(k d, +k2d )xl||x3|

+ 2k22d_4x§ + 2(k2 dg +k? dg]x2||x3| + 2(k2 dg +k? dls}x2||x4|
T 2(k2d, + k2dg |, || + 2k2 X2 + 2(k2 iy + K2 el [ x|

- -— b b b cC ¢
+2lked +k52d16)x3||x5|—2kf(§+§+ 3) >y [g c, 3)X2

2
r2uZ

2
ok oy
B

1 2
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_— [3 +2, 3) w2l d, k2 g + 20k, + k2
T 2K20,x2 + 2(k2dg + k2 dg x| + 2(k2d; + k2 |, x|
T 2(k2d, + k2dg ||| + 2k2dox? + 2(k2d, + K2dly, [ x|

s e Vol | oue(D B D S e E
+2(k3d12+k5d16]x3||x5| 2k (3+3+3) -2k (3 3+3jx

- 2k22 rlﬂlxzz - 2k32 rzﬂzxg
< —2kf(% +24 %jxf w22, + 2T, g+ 22, + K2, e

T 2K2, X2 + 2(k2d + k2 dg x| + 2(k2d; + k2 |, x|
T 2(k2d, + k2dg |, || + 2k2 X2 + 2(k2d, + K2dly, [ x|

268, T el -2 3+ 2+ B -2 S+ S4 2

3 33 3
_3lkd, +KZd )2 3(k2d, + k2d,, X2_3(k22d7+k52d15 g
2ak2 % 2bk? 2 2ck? ?

— (k2d, + k2d, X2 - 2d, k2X2 — 2hk2X2

~3lk?d, +k2d )2 3(k2d,, + k2d,, X2_3(k32d_12+k52d_16 g
2ak2 % - 2bk? : 2ck? :
— (k2d, + k2d, X2 — 20, k2x2 — 20,k

_ —2kf(%jxf+2(kfd_l T - 2 e, + k) X2

2ak2
3lked, +kd,f
—Zk( jxl v 2(k2d, + k2 dy x| - > T

—(k2d, + k2dg 2 + 2(k2d, + K2d, Jx, x| - (k2 + k2d K2

3, d;gk? G o 1 ofkced + ke |- 2(2
R e R
_ 3(k§d_121b+k§fd_u X2 + Z(kszd_n + kfd_u)x3||x4| - Zkf(%JXf
3l d_1229+k§§ Gl ¢+ ol +10T, e - ZKS(%jXS
. 2@(%}@ — 2k2h,x2 — 2k2h,x2 — ZkE(%ij - ZkS(% X5
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2 Q K 3 (klzd_1+k22d_3)X2|—2
= § : 1|X1|_ E k
(k2d, + k2d, x3| T
k| —~ g

—Jik d, +k2d, )|~ /lk2d; + k2d, ) |x3|2

2
b 3 (k2d, +k2dy )
2l = | kx| - 5 ”
&4 4

2C Ks

r — =\ 2
_ 2 2 ,k5|X5|_\/E_(kzzd7+k52d15]xz|

VA3 2 ks |

B —_— —_ 2
_| |2 b KX~ i.(k§d11+kfd14)xs|:|

\R® % K

r — =\ 2
) - g,(kgdlﬁksdm)xﬂ

3

—Zkf(% X2 — 2k — 2k2h,x2 — 2K’ (gjx —2k52(

< —Zkf(%jxf—ijhlxj—ijhzx 2k2[2jx ~2k (

< —Za(kfxf +KIXE + KX + KX + k5X5)
=-2aV, V1>0.

Thus, one has

w o
;/

J:

(»Jll(')

e’V +e’ 20V :%[ez”" v]<o, vt=o.
It follows that
t t
| di[ez‘” V(x(t)]dz = e2* -V (x(t) -V (x(0))< [0dz =0, Vt=0. (7
T 0

0

From (6) and (7), it can be readily obtained that
(min k, FIx(®)f <V (x(t)<e Vv (x(0)), V=0,

140D e o
min K,
1<i<5

In this way we can get

The proof is thus completed.

Remark 2. Due to the proposed linear controller of (3), it is not only cheap but also easy to

implement in hardware.
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NUMERICAL SIMULATIONS
In this section, we consider the uncertain 5D laser systems of (1) with
f =0, f,=0, f,=-xX, f,=-%X, f=xX+XX, (8a)
A¢l(u1) =Ad,,u, + Ad18ul7’ Ag, (uz ) =Ad,u, + Adzoug (8b)
10<Ad,, <12, 0<Ad, <2, 5<Ad,<7, 0<Ad, <3, (8c)
a=1 b=05 c¢=02 d=1 Vie{35791112141516}, (8d)
d,=d,=ds=3 dy=d;=21 d,=2 (8e)

By virtue of choosing parameters r,=10 and r,=5 with (8b) and (8c), (A3) is evidently
consistent. Obviously, by selecting parameters k =k, =k, =k, =k, =1, (A2) is undoubtedly

satisfied. From (2), (8e), and choosing parameters h =h,=1, it yields Litdi+h _gg7 and

n

L+du+h g1 4. Therefore, according to Theorem 1 with £ =89 and S, =92, we conclude that
r2

the uncertain nonlinear systems (1) with (8) subject to the linear control

u=[-89x, —92x,[ 9)
are globally exponentially stable. At the same time, by virtue of (5), the guaranteed
exponential convergence rate can be estimated as

a b c 1
min hop=—.
“= <h 33" % 15

State variables trajectories of uncontrolled and feedback-controlled systems are displayed in
Figure 1 and 2, respectively. From Figure 2, it can be seen that through the linear controller
of (9), the system (1) with (8) can attain the goal of global exponential stability. Meanwhile,
the input signal trajectories and the hardware implementation diagram of the proposed linear
controller are shown in Figure 3 and Figure 4 respectively.

CONCLUSION

In this paper, the controller design problem for a class of uncertain fifth-order nonlinear
control systems has been explored. Combining the theory of differential and integral
inequalities, a simple linear controller has been proposed to promote a class of nonlinear
control systems with multiple uncertainties to achieve the goal of global exponential stability.
In addition, the guaranteed exponential convergence rate of such uncertain nonlinear systems
has been precisely calculated. Finally, some numerical simulation results have also been
presented to verify and illustrate the correctness of this main theorem and the design process
of the controller.
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Figure 1: State variables trajectories of the uncontrolled systems of (1) with (8).
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Figure 2: State variables trajectories of the feedback-controlled systems of (1) with (8) and
(9).
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Figure 3: The time response of the control signal of (9).

The uncertain systems (1) with (8)

Figure 4: The diagram of implementation of numerical example, where R1=1kQ), R2 =89k,
R3=1kQ,, and R4 =92kQ.

511



