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ABSTRACT
The article discusses the performance characteristics of an adaptive filter using a recursive
least squares algorithm, as well as an algorithm using a sliding window.
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When the adaptive algorithm works with infinite memory (1 =1), the variance of the filter

coefficients will decrease in inverse proportion to the number of data samples. In the final
analysis, for all practical purposes, the coefficients can be considered constant. In the case
where A <1 the coefficients will always include a noise component with a dispersion that
depends on the effective length of the r window . The variance of the filter coefficients will be

constrained from below by the value (o,?/7)R™. When the window is of sufficient length, the

variance of the filter coefficients will be quite satisfactorily predicted by the asymptotic
boundary. For short windows, the true variance can be much larger than its predicted cutoff
value [1-4]. To date, there are no analytical results for determining the window length above
which the asymptotic estimate is valid. Simulation studies are needed to answer this question.
A useful criterion for the performance of an adaptive filter is the dispersion of the output signal.
The output signal of a filter with an arbitrary coefficient vector is H given by the formula
e () =yMm-¢" (MH.

The output can always be decomposed into the sum of the "optimal" prediction error and another
term:

e, () = Y(N) =" (MH,, + 0" (M[Hy, —H]. (1)
£(n)

Hence, it follows

Efen ()= Ef2(M)}+ E{(H - Ho,)" (Mo ()(H - Hy) b+

(2)
+ ZE{E(n)(oT (n)[H opt H ]}

The last term is zero because the prediction error is not correlated with previous data samples.
Thus

Ele, ()} =0.2+(H —H,) R(H —H_,). 3)
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Equation (3) can be used to estimate the dispersion of the output signal at any fixed vector of
coefficients H . As expected, the output variance will be minimized if and only if H =H . The

minimum variance o,” can be estimated as follows:
Ele” ()= Efym) + 0" M, [ |-
— E{y?(n)}+ E{H "amop(n)go" (H,, |- (@)
—2E{H Taugp(n)y(n)} = r(0) + H T outRH ,, + 2H Toner
Using the definition , H,, we get
o2 =r(0)-H our =(0)—r"R'r. (5)

It should be noted that during the execution of the adaptive algorithm, the filter coefficients
themselves are included in the expressions as random variables. Then, to estimate the output

variance, we need to use (2), replacing it H with H(n-1):

Ef?uon()}=0,% + E{HT (1-Dp(n)e" (NA(1-1)}=
=o,” +trE{p(ne’ M]H( -DAT (n-1]}=
—c,’+ tr{E[(p(n)goT (n)]E[ﬁ(n —~DHT(n _1)]}z (6)

o’ No
z062+tr R—R™ :ng+ -

n n

In H ¢ other words, the increase in the dispersion of the output signal due to the "noise

properties" of the coefficients is determined by the formula
E 2q n— - 2
M = {e =t 1)(n)} o, =ﬁ. (7)

o’ n

&

In the signal processing literature, this ratio is sometimes referred to as the "detuning factor"
of an adaptive filter. The above result was derived for the case of infinite memory. (1 =1) In the

case of finite memory, (7) should be used, replaced n by the effective length of the window
r~1/(1— 1) and treated as the lower bound of the true mismatch coefficient.

The main part of the recursive least-squares (RNA) algorithm is the computation of the gain
vector, which includes the correction of the covariance error matrix. K(n)Direct correction P(n)

with a difference equation can lead to computational difficulties. The main source of difficulty
is the fact that the correction formula does not guarantee positive certainty (inverse) of the
covariance matrix P(n) P(n). This obstacle can be circumvented by deriving the correction

formula for the square root P”?(n) of the covariance matrix, defining it as any matrix that has
the following properties: (PY?(n))(P**(n))" = P(n).
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The use of square root in the least-squares estimation algorithm has been widely studied in the
literature [3-6]. Table 1 shows the square root algorithm for correction and P(n) amplification

K(n). Matrices U and — diagonal matrices, andU

P(h-1)=UDU"™  (old covariance matrix),

(8)

P(n)=UDU’ (new covariance matrix).

The computational complexity of this square root algorithm is comparable to that of the
standard RNA algorithm.

Table 1. RNA Algorithm Using Square Root

o Beginning
U =1. D =diag[o]
. First stage
f =U'p(n), Whereis f =[f,...f,], v=Di(me.v, =d f omzi=1...N)
o Main Contour
to j=2,...... ,N compute
a;=oa;,+V, fe,
d - d,a;,
J )
a;A(n)
_ - f,
U, =a; +ak,_,, eoe a, = ,
a;,
k. =k _, +vi/
o Notation is used U, u u; for columns Ji,Ui , 1.e.

K(n)_z—.

An essential feature of the exponentially weighted RNA algorithm is that the estimation is
instantaneous and based on the values of all previous samples, with the later data samples
being taken with greater weight than the earlier ones. In some adaptive applications, it is
desirable that the estimate H(n) depend only on a finite number of previous data samples.
This can be achieved by using a variant of the covariance form, in which the estimate is a
function of the data in a rectangular window L length : . {y(n—L+1),...,y(n)}The output of the
recursive algorithm for correction H(n) is carried out according to the same method as
without entering a window.

An algorithm that uses a sliding window consists of two separate steps. First, a new selection
of data is added. y(n) The old data sample is then discarded, y(n—L)but the number of active

points is retained, which is equal L to . The first step is as follows:
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P'(n) =P(n-1)-P(h—Dp(n)[1+¢" (N)P(Nn-D)ep(n)] " ¢ (N)P(n-1),
H'(n)=H(M-1)+KN)[yn)—¢' (N)P(n-1)], 9
K(n) = P(n=Dp((n)[1+¢" (N)P(N—Dpn)] ™,

where P*(n) and N*(n) are the values based on (L+1) the data samples.
Now let's discard the data sampling y(n—L):

P(n) =P (n)+P*(Mgp(n—L)[L+¢" (n—L)P*(n)p(n—L)] "¢ (n—L)P*(n),
H(n)=H'(n) - K (N)[y(n-L)-¢" (y-L)H ()], (10)

K*(n) = P*(n)p(n - L)[1+¢" (n—L)P*(n)p(n—L)] .

This algorithm discards old data samples entirely, and proves to be more efficient than the
exponentially weighted option for tracking rapid changes in the statistical parameters of the
data y(n). In addition, "bad" data samples [i.e., very large values y(n)caused by the noise pulsel

are completely "forgotten" after L the signal sampling periods, whereas in the case of the
exponentially weighted variant, this effect can last for a long time.
The previous algorithm required the accumulation of past (L+ N) data samples. With a large

window size, this can become difficult. In addition, the computational complexity of the
algorithm is almost 2 times higher than the previous one. For these reasons, the exponentially
weighted form of the RNA algorithm is often preferred in practice.
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