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ANNOTATION
This paper is aimed at a nonlinear system, and intends to design a simple linear controller, so
that the entire closed-loop control system can achieve the goal of global exponential stability.
Besides, the exponential convergence rate of such a system will also be rigorously derived.
Finally, we will provide a numerical simulation example to verify the correctness and
applicability of the main theorem in this paper.
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INTRODUCTION

As we know, real physical systems are nonlinear systems, and we often use its linear model for
analysis and design, mainly because the analysis and design of linear systems are easier than
nonlinear systems. However, when the design results are applied to real nonlinear systems,
distortion or biased results often occur. Therefore, it is reasonable and correct way to analyze
and design the actual nonlinear system. In the past, there have been some well-developed
methodologies for controller design of various nonlinear systems; such as sliding mode control
methodology, differential and integral inequalities, backstepping approach, and others; see, for
example, [1-7] and the references therein. This paper will focus on a nonlinear system, using
the methodology of differential and integral inequalities, to design a linear controller that is
easy to implement in hardware, so that the closed-loop control system can achieve the goal of
global exponential stability.

PROBLEM FORMULATION AND MAIN RESULTS

This paper explores the following fifth-order nonlinear dynamical system:
X = —CX —CCyX, +Cy X+, (1a)
Xy = GG X =G X, +C X, +Uy, (1b)
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X, = C3X, — X5 +C,X, — X, Xg +Us, (1c)
X, = CyX, —CyXg — X, — X, X + U, , (1d)
X = —C,Xs + X X5 + X,X,, V>0, (1le)
where x(t):=[x @) x,(t) x) x,() x@)] eRr> is the state vector,

u(t):: [ul(t) uz(t) u3(t) u4(t)]T eR* is the system control, [Xlo X0 X3 Xgo Xgo ]T is the
initial value, and c,,c,,C;,C, are the parameters of the system (1), with ¢, >0 and ¢, >0. In
case of ¢, =2,¢, =0.002, ¢, =20, ¢, =0.25, and u(t)=0, the above system is a well-known laser

dynamic system [8-9], and chaos will occur in such a system.

The global exponential stabilization of system (1) and its exponential convergence rate are
respectively defined as follows.

Definition 1. The system (1) is said to be globally exponentially stable if there exist a control u
and positive number « satisfying

Ix@) < [x()-e, vt=o0.

At the same time, the parameter « is called the exponential convergence rate.

The purpose of this paper is to design a simple linear control such that the global exponential
stabilization of the system (1) can be achieved. In addition, we also explore the exponential
convergence rate of this stable system at the same time.

In the following, we propose the main result for the globally exponential stabilization of
nonlinear system (1) by using differential and integral inequalities.

Theorem 1. The nonlinear system (1) realizes the globally exponential stabilization under the
linear control

u = (Cl —C4— |Cl| -'2_ |C3|]X1 > (28.)
A
U, =|1-¢, ————= |X,, (2¢)
2

u, =[1—c4 —%Jxr (2d)
At the same time, the guaranteed exponential convergence rate is given by
a=c,. (3)

Proof. Let

2 2 2 2

W (x(t)):= x: (t) X (t)+ X3 (t) LK (t) - (1)

2 2 2 2
The time derivative of W(x(t)) along the trajectories of the closed-loop systems (1) with (2) is

given by
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W (x(t))

= Xk + XXy + Xgkg 4 X, X, + X Xg

=X|—C,X,—C,C, X, +C. X _M — _|Cl|+|c3|
- M 47\ 1222 143 2 X [+ X, CyX; +CC % +C X, 2 X,

+x(—cx +C A j
3 473 3X1+C2X4 X1X5 2 X3

+x{—c4x4+csx2—c2x3—x2x5—szljjtxs(—qxs)
e +led |3| le+[es| |3|

o + | Cy

< =€ (6| - =€ el - X =G +[cafx |

e +[cy] W2

+ G XXy — X X3X5 — 4

X35 = Cy Xy +[Cs X Xa| = CoXg X, — XX, % —

—C, X+ X XgXg + X, X, X

C,|+|C C,|+|C C,|+|C
— (o]l + e+ | - B2 ol el

|C1| c| .
2

< |C1|;|Cs||xl|2+|Cl|+|ca||xs|2+|C1|+|C3||X2|2+|C1|

X2 =, (X +32 + X2 + X2 +x)

+IC cl|+|c c,|+]|C
2| 3||x4|2—| 1|2| 3|xf—| 1|2| 3|x22

— |Cl|;|c‘°’| X — |C1|;|C3| X; —c4(xf X5+ X2+ X+ x§)

=-2cW, Vt=0.
Thus, one has
2%t \W +e% . 20WV = %[e2C4t -W]s 0, vt>0.

It follows

jd%[ezw W (x(D))]d 7 = €% -W (x(t)-W (x(0)) < der =0, Vt>0. (5)

0

From (4) and (5), it results
”X tm < e—ZCAtW( —204t

x(0)°, vt=o.

As a consequence, we conclude that
Ix(t)] < e [x(0), vt=o.
This completes the proof.

NUMERICAL SIMULATIONS
Consider the nonlinear system of (1) with
¢, =2,¢,=0002c, =20,c, =0.25. (6)
From (2) with (6), it can be readily obtained that
u, = -9.25x,, (7a)
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u, = -9.25x,, (7b)
= -10.25x,, (7c)
= -10.25x,. (7d)

As a consequence, by Theorem 1, we conclude that the nonlinear system (1) with (6) is globally
exponentially stable under the linear control of (7). At the same time, from (3), the guaranteed
exponential convergence rate is given by a =0.25. The typical state trajectories of the
uncontrolled system and the feedback-controlled system are shown in Figure 1 and Figure 2,
respectively. Meanwhile, the control signals and the hardware implementation diagram of the
controller of (7) are shown in Figure 3 and Figure 4, respectively.

CONCLUSION
In this paper, the globally exponential stabilization of a nonlinear system has been studied.
Based on the methodology of differential and integral inequalities, a linear controller has been
designed to ensure that the closed-loop control system achieves the goal of global exponential
stability. The controller design for a more generalized nonlinear system will be one of the future
research directions of our team.
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Figure 1: Typical state trajectories of the system (1) with (6) and u =0.
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Figure 2: Typical state trajectories of the feedback-controlled system of (1) with (6) and (7).
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Figure 3: Control signals of u(t).

The systems (1) with (6) [x;

Figure 4: The hardware implementation diagram of the controller of (7), where
R1=R3=R5=R7=1kQ, R2=R4=9.25kQ, and R6=R8=10.25k.
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